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Small-World Networks: Evidence for a Crossover Picture
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�
Watts and Strogatz [ Nature (London) 393

�
,� 440 (1998)] have recently introduced a model for

disordered
�

networksand reportedthat, even for very small valuesof the disorder � in the links, the
networkbehavesasa “small world.” Here,we test the hypothesisthat the appearanceof small-world
behavior
�

is not a phasetransitionbut a crossoverphenomenonwhich dependsboth on the networksize� and	 on the degreeof disorder 
 .� We proposethat the averagedistance� betweenany two vertices
of the network is a scalingfunction of ������ .� The crossoversize ��� above	 which the networkbehaves
asa small world is shownto scaleas ����������� �"!$#&%(' with )+*$,.-�/ .� [S0031-9007(99)08892-4]

PACSnumbers:84.35.+i, 05.40.–a, 05.50.+q, 87.18.Sn

Two limiting-case topologies have been extensively
considered0 in theliterature. Thefirst is theregularlattice,
or1 regularnetwork,which hasbeenthe chosentopology
of1 innumerablephysicalmodelssuchas the Ising model
or1 percolation[1–3]. Thesecondis therandomgraph,or
randomnetwork,which hasbeenstudiedin mathematics
and2 usedin bothnaturalandsocialsciences[4–16].

Erdösandco-workersstudiedextensivelytheproperties
of1 random networks—see [17] for a review. Most of
this
3

work concentratedon the casein which the number
of1 verticesis kept constantbut the total numberof links
between
4

verticesincreases[17]: The Erdös-Rényiresult
[18] statesthat for many importantquantitiesthere is a
percolationlike5 transitionat a specificvalueof theaverage
numberof links pervertex. In physics,randomnetworks
are2 used,for example,in studiesof dynamicalproblems
[19,20],spinmodelsandthermodynamics[20,21],random
walks6 [22], and quantumchaos[23]. Randomnetworks
are2 alsowidely usedin economicsandothersocialsciences
[8,24,25]to model,for example,interactingagents.

In contrast to thesetwo limiting topologies,empiri-
cal0 evidence[26,27] suggeststhat manybiological, tech-
nological, or social networks appearto be somewhere
in
7

betweentheseextremes. Specifically,many real net-
works6 seemto sharewith regular networksthe concept
of1 neighborhood,which meansthat if vertices 8 and2 9 are2
neighbors: thentheywill havemanycommonneighbors—
which6 is obviously not true for a randomnetwork. On
the
3

otherhand,studieson epidemics[14,15,26]showthat
it can take only a few “steps” on the network to reach
a2 given vertex from any other vertex. This is the fore-
mostpropertyof randomnetworks,which is not fulfilled
by
4

regularnetworks.
To
;

bridge the two limiting cases,and to provide a
modelfor real-worldsystems[28,29],WattsandStrogatz
[26,27] haverecently introduceda new type of network
which6 is obtainedby randomizinga fraction < of1 thelinks
of1 the regularnetwork. As in Ref. [26], we consideras
an2 initial structure( =?>?@ )

�
the one-dimensionalregular

network whereeachvertex is connectedto its A nearest

neighbors.: For BDC?EGFIH , we denotethesenetworks
disordered,
J

and keep the namerandomnetwork for the
case0 KGLNM . Reference[26] reports that for a small
valueO of theparameterP —which interpolatesbetweenthe
regular ( Q?RGS )

�
and random( T?UWV )

�
networks—there

is
7

an onsetof “small-world” behavior. The small-world
behavior
4

is characterizedby the fact that the distance
between
4

any two vertices is of the order of that for a
randomnetwork and, at the sametime, the conceptof
neighborhood: is preserved,asfor regularlattices(Fig. 1).
The
;

effect of a changein X is
7

extremelynonlinearas is
visuallyO demonstratedby the differencebetweenFigs. 1a
and2 1d and Figs. 1b and 1e where a very small change
in the adjacencymatrix leadsto a dramaticchangein the
distance
J

betweendifferentpairsof vertices.
Here,we studythe origins of the small-worldbehavior

[28,29]. In particular, we investigate if the onset of
small-worldnetworksis a phasetransitionor a crossover
phenomena.5 To answerthisquestion,weconsidernotonly
changes0 in thevalueof Y but

4
alsoin thesystemsize Z .

The
;

motivation for this study is the following. In a
regular one-dimensionalnetwork with [ verticesO and \
links
]

per vertex, the averagedistance ^ between
4

two
verticesO increasesas _a`cbedgfih —the distanceis definedas
the
3

minimum numberof stepsbetweenthe two vertices.
Theregularnetworkis similar to thestreetsof Manhattan:
Walking
j

along5th Avenuefrom WashingtonSquarePark
on1 4th Street to Central Park on 59th Street,we have
to
3

go past55 blocks. On the other hand,for a random
network,: each“block” brings us to a point with k new:
neighbors. Hence,the numberof verticesincreaseswith
the
3

numberof steps l as2 monqpsr , which implies that t
increase
7

asln uwv ln
] x

. Therandomnetworkis thensimilar
to
3

a strangesubwaysystemthat would directly connect
different
J

parts of Manhattanand enableus to go from
Washington
j

SquareParkto CentralParkin just onestop.
In view of thesefacts,it is naturalto enquireif thechange
from
y

large world (z|{q} )
�

to small world (~|� ln
] �

) i
�

n
disordered
J

networksoccursthrougha phasetransitionfor
somegivenvalueof � [30] or if, for anyvalueof � , there
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FIG. 1. Effect of disorderon the distancebetweenverticesof the network (go to http://polymer.bu.edu/ a˜ maral� /Networks.html
for color pictures). We considerherematriceswith ���G��� ,� ��������� ,� and with periodic boundaryconditions,that is, vertex 1
follows vertex � .� Adjacencymatricesfor (a) a regularone-dimensionalnetwork whereeachvertex is connectedto its � nearest�
neighbors,(b) a disorderednetworkwith ������ ¡�s¢ ,� and(c) a randomnetwork. Black indicatesthat a link is presentbetweenthe
two verticeswhile gray indicatesthe absenceof a link. Note that (a) and (b) are nearly identical. Distancematricesfor (d) the
regularnetwork, (e) the disorderednetwork with £�¤�¥§¦ ¥©¨ , and (f ) the randomnetwork. We usethe relief of the surfaceand a
gray scaleto representthe distancebetweentwo vertices. Greaterheight indicateslargerdistance. The gray scaleis the samefor
the relief and for the contour lines: Distanceincreasesfrom very dark gray to gray to light gray to dark gray. For the regular
network, the contour lines are parallel to the diagonal. On the other hand,for the disorderednetwork the contour lines “circle”
aroundspecificlinks that act as “throughways”of the network. This effect preventsthe distancebetweenany two verticesfrom
everbecominglarge,that is, of the orderof the systemsize.

is
7

a crossoversize ª¬«§e®°¯ below
4

which our network is a
largeworld andabovewhich it is a smallworld.

In
±

the presentLetter, we report that the appearanceof
the
3

small-world behavioris not a phasetransitionbut a
crossover0 phenomena.We proposethescalingansatz,

²´³¶µw·�¸&¹»º?¼¾½�¿ ÀÁ¬Â Ã (1)
�

where6 ÄÆÅ�Ç|ÈÊÉ.ËÍÌIÎ , Ï�Ð�ÑÓÒ Ô�Õ»Ö ln × , andØ¬Ù is afunc-
tion
3

of Ú [31]. Naively, we would expectthat,whenthe
average2 numberof rewiredlinks, ÛÝÜßÞáà(â , ismuchlessthan
one,1 thenetworkshouldbein thelarge-worldregime. On
the
3

otherhand,whenãåäáæáçéèëê ì , thenetworkshouldbea
smallworld [32]. Hence,thecrossoversizeshouldoccur
for
y í¬îðïGñNòÓó�ô�õ

, which implies ö¬÷Æøqùûú�ü with6 ýÿþ�� .
Thisresultreliesonthefactthatthecrossoverfrom largeto

smallworlds is obtainedwith only a small but finite frac-
tion
3

of rewiredlinks. We find that the scalingansatz(1)
is
7

indeedverified by the averagedistance� between
4

any
two
3

verticesof thenetwork. Wealsoidentify thecrossover
size��� above2 which thenetworkbehavesasasmallworld,
and2 find that it scalesas ���	��
��� with6 ��������� , distinct
from
y

the trivial expectation����� .
Next,
�

we define the model and presentour results.
We
j

start from a regularone-dimensionalnetworkwith �
vertices,O eachconnectedto � neighbors. We then apply
the
3

“rewiring” algorithm of [26] to this network. The
algorithm2 prescribesthat every link has a probability �
of1 being broken and replacedby a new random link.
We
j

replace the broken link by a new one connecting
one1 of the original verticesto a new randomlyselected
vertex.O Each of the other  "!$# verticesO —we exclude
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the
3

other vertex of the broken link —has an a% priori
equal& probabilityof beingselected,but we thenmakesure
that
3

there are no duplicate links. Hence,the algorithm
preserves5 thetotalnumberof links which is equalto ')()*�+ .
A
,

quantity that is affectedby the rewiring algorithm is
the
3

probability distribution of local connectivities. For-/.10 , this probability is narrowly peakedaround2 , but
it getsbroaderwith increasing3 . For 4/5�6 , theaverage
and2 thestandarddeviationof the local connectivityareof
the
3

sameorderof magnitudeandequalto 7 .
Once
8

thedisorderednetworkis created,wecalculatethe
distance
J

betweenany two verticesof the networkand its
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FIG. 2. Determinationof the crossoversize @�A . (a) Semilog
plot of B versusnetwork size for two representativevaluesofC and for DFEHGJI .� Following Eqs.(1)–(3), we can determineK�L —apartfrom a multiplicativeconstant—from theasymptotic
slopeof M againstln N .� (b) Scalingof O�P withQ R for the three
valuesof S discussed

�
in thetext. Thecurvesfor TVUHWJX and Y[Z

havebeenshiftedup so asto coincidein the regionwherethey
scaleasa powerlaw. Following Eq. (3), we makea power-law
fit to \^]`_badc for e�fhg and	 obtain ikj$lnmpo .

average2 value q . To calculatethedistancefor eachpair of
vertices,O we usetheMoore-Dijkstraalgorithm[33] whose
execution& time scaleswith network size as rts ln

] u
. We

perform5 between100 and 300 averagesover realizations
of1 thedisorderfor eachpair of valuesof v and2 w .

Here,we presentresultsfor threevaluesof connectivityxzy�{�| , 20, and 30 and systemsizesup to 1000. The
scalingansatz(1) enablesusto determine}�~J����� from

y �)�����
at2 fixed � . Indeed, �)����������������� ln � which6 implies
that
3 ���

is
7

the asymptoticvalueof ������ ¢¡ ln] £�¤ [ Fig. 2(a)].
Figure
¥

2(b) showsthedependenceof ¦�§ on1 ¨ for different
valuesO © . We hypothesizethat

ª�«¬ ®
ln
] ¯±°�²³^´Jµ·¶�¸¢¹dº (2)

�

where6 thetermin » arises2 from thefact that ¼z½ ln
] ¾À¿

ln
] Á
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FIG. 3. Data collapse of Å�ÆÈÇ^É�ÊdË for ÌFÍ/Î�Ï and	 different
valuesÐ of Ñ and	 Ò . (a) Plot of the scaledaveragedistance
between
�

vertices ÓÕÔ×Ö�Ø versusscaledsystemsize ÙÛÚ×Ü�Ý . (b)
Same
Þ

data as in (a) but in a semilog plot. Note the linear
behavior
�

of thedatafor ßáàHâ^ã andthe logarithmicincreaseofä
for largesystemsizes.
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for
y

a random network ( å1æ�ç ),� and è·é�êìëîíðïòñôó .
Moreover, õ·ö�÷¢ø approaches2 a constant as ù$úôû ,
leading
]

to ü�ý	þ�ÿ�� � � (3)
�

for
y

small � . Becauseof the effect of � and2 the fact
that
3 ���
	�����

in our numerical simulations, we are
constrained0 to estimate� from the region ��� ����������������� "!$#�%�&�' . For all values of ( , we obtain )+*,�- ./�021�354�1

(
�
Fig. 2).

Using
6

this valueof 7 and2 the scalingform (1), we are
able2 to collapseall the valuesof 8:9<;>=@?BA onto1 a single
curve0 (Fig. 3). This data collapseconfirms our scaling
ansatz2 andestimateof C .

In summary,we have shown that the onsetof small-
world6 behavioris a crossoverphenomenaandnot a phase
transition
3

from alargeworld to asmallone. Thecrossover
size scalesas D�EGF with6 HJI�K:LNM . The surprising fact
that
3 O+PRQ

shows that the rewiring processis highly
nonlinear: and can have dramatic consequenceson the
globalS behaviorof thenetwork. This impliesthat in order
to
3

decrease
T

the
3

radiusof anetworkit is necessaryto rewire
only1 a few links. We also note that the value of the
exponent& U will6 likely dependon thedimensionalityof the
initial
7

regularnetwork. This point will be addressedin
futurework.

We
j

believethat the disorderednetworksintroducedin
[26] mayconstituteapromisingtopologyfor morerealistic
studiesof manyimportantproblemssuchasflow in elec-
tric
3

poweror informationnetworks,spreadof epidemics,
or1 financialsystems.Theresultsreportedheresupportthis
hypothesis
V

becausetheysuggestthat,for any% givenS degree
of1 disorderof thenetwork,if thesystemis largerthanthe
crossover0 size, the network will be in the small-
world6 regime.
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Erratum: Small-World Networks: Evidence for a Crossover Picture
[Phys. Rev. Lett. 82, 3180 (1999)]

Marc BarthélémyandLuı́s A. NunesAmaral

[S0031-9007(99)09481-8]

We
j

have performednew calculationsusing the breadth-firstsearchalgorithm [1,2]. We are now able to study
systemswith sizesup to jlknm�mo�o . As shownin Fig. 1, we now find pJq
r , in agreementwith the simpleargument
givenS in our Letter but different from the originally reportednumericalresult sut+vnwyx z�{�|2}y~���}�� . The reasonfor the
incorrect
7

numericalresult reportedinitially is the small systemsizeswe studied,which did not allow us to reachthe
asymptotic2 regime.
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FIG. 1. Log-log plot of ��� vs � for
�

systemsizesup to 5500 and for ��������� . Note that the curvatureof �G���@�y� in
�

the log-log
plot, which givesus a local estimateof � , is increasingas � decreases.In the inset,we showthat � approaches1 as �+�R� . Our
new estimateof � is

� ��  ¡�¢�£¥¤§¦¨¤§©
, consistentwith the value1 given by a simplescalingargument.
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