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Self-organized criticality in a rice-pile model
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We present a model for relaxations in piles of granular material. The relaxations are determined by a
stochastic rule which models the effect of friction between the grains. We find power-law distributions for
avalanche sizes and lifetimes characterized by the exponents53+0.05 andy=1.84+0.05, respectively.

For the discharge events, we find a characteristic size that scales with the system gi#e \aigh
pn=1.20+0.05. We also find that the frequency of the discharge events decreases with the system size as
L~#" with ' =1.20+0.05.[S1063-651%96)51811-§

PACS numbg(s): 05.40+j, 64.60.Ht, 05.70.Jk, 05.70.Ln

Since its introduction by Bak, Tang, and WiesenfEld, The physical interpretation of our rules is the following:
the concept of self-organized criticalif8OC0 and models Suppose that a column, or portion, of the pile is in a meta-
which display SOC behavior have been the focus of muckstable configuration. If a new grain is deposited or toppled on
interest[1-9]. However, comparison with real systems hastop of it, or the local slope changes, then that metastable
proved to be a tough test for the theory and mofiels-13. configuration can become unstable. To model such an effect,
Furthermore, in one dimension the models tend to displayve introduce the parameter which represents the fact that
either trivial behavior or behavior that cannot be classified ashere is a finite probability that a new stable configuration is
critical. Against this background, recent experiments on ricgeached. Physically the paramefethus describes the fric-
piles[14] have shown that under some conditions a real ricaion between the rice grains and the possibility that a meta-
pile can self-organize into a critical state: For grains with astable packing configuration will be attained. The friction
large aspect ratio the system self-organizes into a criticaéffect in our model comes directly from the observation that
state. Fretteet al. explained this result with the increased there exists a large range of slopes in the rice pile instead of
friction and packing possibilities that were able to cancela single critical valud14]. The friction p can be a compli-
inertia effects. Furthermore, they observed that large locatated function of local slopes and packings of the particles,
slopes developed in the pile. but we find that the results are insensitive to the specific form

Here, we propose a model for a pile of granular materialand value ofp. The parametes, models the effect of grav-
where we introduce randomness in the relaxation rule insteagly on the packing arrangements. We assume that above the
of in the deposition rule. We study the model in one dimen-maximum valueS, of the local slope, it is no longer possible
sion and find power-law distributions for avalanche siges for a local stable configuration to be achieved, thus a grain
and lifetimesT. We also study the distribution of sizes for must be toppled. In the limiting cases=0,1, orS,=S;, we
discharge event§.e., particles falling off the pile and find  recover the model in Ref1] (which has trivial behavior for
it to be bounded. The results show that our model belongs tgne dimensioh
a new universality class for systems displaying SOC. The simulation of the model shows two distinct regimes, a

First, we define the one-dimensional model. The systenransient period followed by a steadgritical) state; cf. Fig.
consists of a plate of length, with a wall ati=0 and an 1. Here, we focus on the properties of the model in the criti-
open boundary at=L+1. The profile of the pile evolves cal state. As can be seen in Fig. 1, the model leads to the
through two mechanisms: deposition and relaxation. Deposiestablishment of a state with wildly varying avalanches sizes
tion is always done dt=1, and one grain at a time. The rate and a complicated structure in time. The size of an avalanche
of deposition is slow enough that any avalanche, initiated byan be defined in a number of ways: the number of topplings
a deposited grain, will have ended before a new grain i, the lifetime of the avalanchg, or the size of the discharge
deposited. eventsm. We start by investigating the distribution sf

During relaxation we look at aictivecolumns of the rice  Figure 2a) shows the probability density of avalanche sizes
pile: A columni of the pile is considered active if, in the for different system sizes. The distribution follows the scal-
anterior time step, ii) received a grain from columin-1, ing form
(i) toppled a grain to columm+1, or (ii) columni+1
toppled one grain to its right neighbor. If a columis active P(s,L)~s™"f(s/L"), 1)
and the local slope, i.e.sh(i)=h(i)—h(i+1), is strictly
larger than a threshold valug, then with probabilityp a  where fg is a scaling function rapidly decaying for large
grain will move fromi to i+1. However, if6h(i)>S,, a arguments. The best collapse is obtained with the exponents
grain is moved fromi to i+1 with probability 1. Grains 7=1.53+0.05 andv=2.20*0.05, cf. Fig. Zb). Even though
toppled from columrn =L leave the system. When no active 7 is close to the mean-field value 3[25-17, our model
columns remain on the pile, the avalanche is said to be ovedescribes a different universality class. This can be shown by
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FIG. 1. (a) In the inset, we show the average slope as a function
of time (measured as the number of deposited gjaiAs all the FIG. 2. (a) Log-log plot of the probability density of avalanche
data presented in this paper, the average slope was obtained foizess for several system sizes. It is visually apparent that for
p=0.6,S,=1, andS,=4. The system sizes shown dre=40, 80, s>1 a power-law dependence is observed. For valuesatdse to
160. We can see that after an initial transient regime, whose durghe cutoff, imposed by the finiteness of the system, we observe a
tion depends strongly on the system size, a steady state is reachd§ak deviating from the power-law behavior. To show that the peak
The figure shows the fluctuations in the average slope of the pildS due to the system reaching a supercritical statech is followed
and the size of the discharge events, as a function of time for aBY @ dischargewe also plot the distribution of avalanches when
system of size 80. It is visually apparent that there is a close condischarge event occurred: That curve, obtained Ifer640, is
nection between sharp changes in the average slope and the diifted vertically by a factor of 8, to make it more visib(e) Data
charge events at the boundary. It is interesting to note that althouggpllapse of the curves shown {a) according to Eq(1) with the
our model does not include either a repose or a maximum angle fg#xponentsr=1.53 andv=2.20.
the pile, the dynamicsuggesthe existence of such angles because
of the large discharge eveni®) Plot of the avalanches sizes as a N~ —# 3

. . . . d ’

function of time for the same system and interval agan Again,

the connection between the largest avalanches and the discharge , , .
events is observed. with u’'=1.20+0.05. This suggests that the peak is due to

finite-size effects which lead the system into a supercritical

mapping the avalanche dynamics to the motion of an inter-
face through a disordered medium8]. By using that the 10°

average number of topplings {s)=L in the critical state, it
follows from Eq.(1) that
2 ! 2 i -
T=2-—, 2 S
=
in agreement with our numerical results. 0 E 1
An interesting characteristic of the distribution is the pres-
ence of a peak, deviating from the power-law behavior, for a
size close to the cutoff of the distribution. A close look at 10° L L L
Fig. 1 shows that the biggest avalanches coincide with large 10 vy 10
changes in the average slope of the pile and with discharge
events. Furthermore, as shown in Fig. 3, the nunmieof FIG. 3. The dependence of the number of discharge everas

avalanches reaching the open boundary, for a given numbaerfunction ofL. A power-law behavior, cf. Eq3), with u’=1.20 is
of deposited grains, scales with the system size as obtained.
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_ FIG. 4. (a) Log-log plot of the probability density of avalanche £ 5 (a) Log-log plot of the probability density of the sizes
lifetimes T for several system sizes. It is visually apparent that for ., o the discharge events for several system sizes. It is visually
t>1 a power-law dependence is observed. As for the avalanchgyyarent that the distribution is boundét) Data collapse of the

sizes, a peak is present for lifetimes clo_se to the cu(b_Df.Data curves shown ina) according to Eq(5) with the exponents=
collapse of the curves shown {ia) according to Eq(4) with the  _3 50 As a visual aid, we display a line corresponding to an ex-
exponenty/=1.84 ando=1.40. ponential dependence.

state, followed by a massive avalanche and a large change ifi= #- This result is confirmed by the data collapse shown in
the average slope. We check this hypothesis by consideringid- 5b), obtained for the exponentx=1.2+0.1 and
only the avalanches for which no discharge occurred at thét=1.2+0.1. _ N _ _
boundary. As can be seen in Figa® the peak for very large Itis pOSSIble.to obtain addltlor_1al scaling relations for the
values ofs is then no longer present and the cutoff hase€Xponents besides those mentioned above. In the steady
moved to a smaller value, confirming our hypothesis. Westate, the input of matter must balance the output through the
find that the data is described by E#) with the same values ©OPen boundary. Thus, we obtain that the frequency of dis-
of the exponents as when the peak is present. charge events must _ba]ange their che.lractenstlc size, and
Next, we study the distribution of lifetimeE for the ava- #=u'. The characteristic size of the discharge events de-
lanches. As shown in Fig.(d), the data is described by the Pends on the system size BS. So, we can conclude that
scaling form whenever the system reaches a supercritical state, the num-
ber of grains discharged is of order*. Since the average
number of topplings for a given grain before being dis-
charged is of ordeL, it follows that the cutoff size for the
avalanches must scale &< L#~L", thus v=1+4, in ac-
which is confirmed by the good data collapse obtained wittcordance with our results.
the exponenty=1.84+0.05 ando=1.40+0.05. From con- Just before submission of the present work, we became
servation of probability follows thato(y—1)=v(7—1) aware of a model by Christensenal.[19], which for some
[18], in nice agreement with our results. Finally, we studyrange of parameters seems to belong to the same universality
the distribution of sizesn for the discharge evenfsee Fig. class as the model discussed here. The model in [R6f.

P(T,L)~T Yf(T/L?), 4

5(a)]. The scaling ansatz introduces stochasticity in the toppling of particles via the
selection of a new random critical slope for columns where a
P(m,L)~L~f (m/LA), 5) toppling occurred. For local slopes above the critical slope, a

grain is always toppled. In Ref19] the predictions of the

model are compared with experimental results for the diffu-
where the scaling functiorf,, decays exponentially, de- sion of tracer particles. The numerical value of the exponent
scribes the data. Since the distributiBm,L) does not di- describing the diffusion of the tracers is in rough agreement
verge form—0 and its integral must equal 1, it follows that with the numerical predictions of the model. The exponent
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a describing the scaling of the potential energy dissipatedhreshold valué.. [22,23. Thus, for the round rice grains all
during an avalanche ig=1.53 for our mode[20], in dis-  system sizes studied in the experiments are larger than
agreement with the experimental resai=2. In fact, the while for the elongated grains the opposite is true. Since our
large disagreement between the experimental valuearid  model has the implicit assumption of zero inertia it is inevi-
the numerical prediction of the model suggest that our modefable that we will only be able to investigate the regime
and the model of Ref.19] do not belong to the same uni- L<L., where SOC is observed.
versality class as the rice-pile experiment[21], a stochas- In summary, we present a physically motivated model for
tic sandpile model is studied in which only the front of the piles of granular material. We find that the model self-
avalanches propagatee., no backward avalanches are al- organizes into a critical state with distributions for most
lowed). Such a rule leads to higher values fobut appar- quantities described by power laws. We measure the expo-
ently at the cost of destroying universality. nents characterizing these distributions, discuss scaling rela-
Fretteet al. also found that for “round” rice grains the tions, and find that our model belongs to a new universality
system did not evolve into a critical state, and that the dis¢lass.
tribution of avalanche sizes was bounded. The reason for this
result can be understood if the results for the role of inertia
on the dynamics of sandpiles are remembéa)23. It was We acknowledge discussions with J. Krug, M. Marko-
shown in Ref.[22] that the assumption of zero inertia is sova, K. Sneppen, H. E. Stanley, and S. Zapperi, and thank
essential for the establishment of the critical state. For reak. Christensen for discussions concerning R&#fl]. K.B.L.
experiments, where inertia cannot be avoided, that assumphanks the Danish Natural Science Research Council for fi-
tion can only be valid for system with sizes smaller than anancial support.
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